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ABSTRACT

This  independentstudyoutlines  a fiffh grade  curriculum  unit  forfractions,

decimals,  and  percents.  The  unit  utilizes  a problem-solving  approach  to lead  to

deep  understanding  of  fractions  and  their  relations  to decimals  and  percents.

The  studyis  influenced  bywritings  byHiebert,  Dewey,  Piaget,  \/ygotsky,  and

Fosnot,  and  uses  a lesson  planning  formatcreated  byHal  Melnick.

Four  explorations  drive  the unit:

Exploration  1: Whatis  a fraction?

Exploration  2: Going  Deeper  VVith Fractions

Exploration  3: Connecting  Fractions  to Decimals  and  Percents

Exploration  4: Comparing  Fractional  Amounts
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CHAPTER  I  INTRODUCTION

Fractions,decimals,andpercents.  Formany,theverymentionoftheseterms

evokes  the  memories  ofendless  rules  to be applied,  endless  numbers  to be

reduced,cross-multiplied,andfactored.  Butaskachildwhatone-sixthtimesfour-

fifths  actuallymeans,  and  the  question  will  more  than  likelybe  metwith  silence.

This  independent  study  is focused  on creating  a unit  of  study  exploring  fractions,

decimals,  and  percents-a  studythat  supports  children  in uncovering  the  meaning

behind  all  those  abstractsymbols.

It is impossible  to embark  upon  a studyof  mathematics  without  first  considering

how  children  learn.  \/\/ill children  learn  ifwe  simplymodel  certain  procedures  for

them  and  provide  opportunities  for  practice?  Or is there  something  else

something  more-that  we  need  to consider  as we explore  the  terrain  of

mathematics  with  children?

The  question  is, of  course,  rhetorical.  There  is something  more.  For  me,  that

"something  more"  is vitallylinked  to two  things.  The  first  is understanding.  Do  the

childrengetit?Hovvdovveknow'?  Howdoweteachsothattheygetit?

The  second  but  no less  significant  aspect  is joy. Do  the children  love  ir? How  do

we  structure  the  learning  situations  so  thatthe  children  approach  mathematics  with

genuine  joy?

STUDY  OVERVIEW

Chapter  2 examines  sewral  theories  about  learning,  both  generallyand  specifically

regarding  mathematics.  Chapter  2 also  explores  the  notion  of  understanding.  This

chapterthen  delineates  the  characteristics  ofa  classroom  thatemphasizes

understanding  and  joy,  and  finallyoutlines  the principles  thatguide  curriculum

design.

Chapter  3 introduces  the  "big  ideas"  to be addressed  in the study,  along  with  the

New  York  State  standards  that  are  connected  to them.  This  chapter  also  revisits

the guiding  principles  is terms  more  specific  to fractions,  decimals,  and  percents.

Chapter41ays  outthe  scope  and  sequence  and  a sample  lesson  plan.

Chapter  5 concludes  the  studyand  summarizes  the  keypoints  putforth.
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CHAPTER  1 INTRODUCTION

CONTEXT

I am currentlyin  my  second  year  of  teaching  third  grade  at P.S. 69 in the

Soundview  area  ofthe  South  Bronxas  a Teach  ForArnerica  corps  member.

However,  this  curriculum  unit  is designed  for  a 5th grade  class,  as I will  be

teaching  5th grade  math  at a new  charter  school  for  the  2005-2006  school  year.

The  school  is called  KIPP:  Always  fUentally  Prepared  Academy,  and  is part  of  the

nationwide  network  of  charter  schools  in the Knowledge  Is Power  Program

(KIPP).  The  school  will  eventuallybecome  a grades  5-8 middle  school,  butwill

only  have  5th graders  in the  first  academic  year.

In this  school,  not  onlywill  there  be a 90-minute  block  for  mathematics  for  each

student,  but  also  an additional  75 minutes  devoted  to a class  called  "Thinking

Skills."  Forthefirst30minutesofeachday,studentswillcompleteasetof

Thinking  Skills  problems.  Then,  during  a 45-minute  session  laterin  the  day,

students  will  discuss  these  problems,  going  overeach  in detail,  sharing

alternative  solving  solutions,  and  proving  their  reasoning.  I will  be teaching  both

courses.



CHAPTER  2:

LEARNING  MATHEMATICS

WITH  UNDERST  ANDING
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CHAPTER  2: LEARNING  MATHEMATICS  ' -

WITH  UNDERST  ANDING

The  first  question:  How  do  children  learn?

The  Swiss  developmental  psychologist  Jean  Piaget  devoted  his  career  to

studying  how  children  learn,  and  his  views  have  had  significant  impact  on

educational  theory.  In Piaget's  view,  children  have  a constantlyshifting  mental

framework-a  schemata -for  processing  and  organizing  information  and  ideas.

The  dynamism  ofthis  schemata  is fueled  bytwo  processes:  assimilation  and

accommodation.  Assimilation  is the  process  of  "incorporating  our  perceptions  of

new  experiences  into  our  existing  framework"  (Labinowicz  1980,  p.36).

Accommodation,  on the  other  hand,is  to "modifyand  enrich  structures  in our

frameworkasaresultofnewinputdemandingchanges"(Ibid,p.37).  This

balancing  act  between  the  two  processes-between  stability  and  change,

assimilation  and  accommodation-can  be portrayed  thus:

CONTINUITY

STABILITY

ASSIMILATION

s

NOVELTY

CHANGE

ACCOMMODATION

a i a

Adapted  from  Labinowicz,  p.36-37

ltmaybehelpfultothinkinmoreconcreteterms.  Labinowiczdescribesthe

hypothetical  learning  situation  of  a child  encountering  a squirrel  for  the  first  time

(p.29-30).  Alreadypossessingthelinguisticcategory"kitty"forfour-leggedfurry

animals,  she  atfirstassirn7/atesthe  new  information  into  herexisting  schemata

and  thinks  the  squirrel  is a type  of  kitty. However,  the  child  then  sees  the  squirrel

stand  up on its hind  legs,  something  she  has  never  seen  a squirrel  do. Novelty.

Change.  Disequilibrium  is created.  She  then  accommodatesthe  new

information  and  creates  a "funny  kitty"  categoryfor  kitties  that  stand  on their  hind

legs.  Later,  her  mother  gives  her  the  correct  label,  and  a new  categoryis  created

- squirrel,  creating  equilibrium  again.  This  constant  balance  of  equilibration

between  internal  mental  schemata  and  experiences  in the  world  is how  Piaget

characterized  learning.

Knowledge,itfollows,is  NOTbeing  absorbed  passivelyfrom  theenvironment,

nor  is it coming  solelyfrom  a place  within  the  child.  The  interaction  between  the

child's  mind  and  the  environment  is what  creates  learning.  The  child  constructs

his interpretation  ofthe  world  through  this  constant  interaction.



The  scholar  John  Dewey  also  posited  that  children  learn  through  interacting  and

makingsenseoftheworldaroundthem.  Learningoccursneitherwhollyfrom

within  or wholly  from  without-it  occurs  in the  interaction  between  self  and  world.

Deweycalledthisprocess"experience."  ButmorethanPiaget,Dewey

emphasized  the  importance  ofthe  gua/ityofexperience  in learning.  "Everything

depends  on the  quality  of  the  experience  which  is had"  (Dewey  1938,  p. 27).

Deweyargued  thatthe  qualityofanygiven  experience  should  be judged  byits

effectonfutureexperiences.  ThePiagetianassimilationandaccommodation

that  occurs  during  any  given  experience,  therefore,  can  only  be deemed

"educative"ifthatchange  in schemata  allows  the  learnerto  continue  to change  in

desirable  ways.  He writes:

Just  asno  man  livesordiesto  himself,  so no experience  livesand  diesto  itself.  \/Vholly

independent  of desire  orintent,  every  experience  lives  on in further  experiences...  Some

experiencesaremis-educative.  Anyexperienceismis-educativethathastheeffectof

arrestingordistortingthegrowthoffurtherexperience.  Anexperiencemaybesuchasto

engendercallousness;  it may  produce  lackof  sensitivity  and  responsivenesa  Then  the

possibilitiesof  having  richerexperience  in the  future  are  restricted.  (Dewey  1938,  p.25-27)

Educative-present  experiences  live

"fruitfully  and  creatively"  (Dewey  1938,  p.

28)  in future  experiences

irmnr43

'-  Mis-educative-present  experiences

narrow  the  field  of  future  experience

What  are  the  implications  of  learning  theory  for  math  instruction?

Theimplicationsformathinstruction,then,aretwofold.  First,wemuststriveto

create  a balance  between  equilibrium  and  disequilibrium,  between

assimilationandaccommodation.  Theremustbeactivitiesthatcreatestability

and  continuityforchildren-theymustbe  ableto  envelop  experiences  into

their  existing  schemata  to create  a sense  of  equilibration,  reinforcing  what  exists

in their  minds.  For  example,  it is helpful  to have  manyexperiences  with  unit

fractions  reinforce  the  concept  that  as  the  denominator  gets  larger,  the fraction

gets  smaller.  This  could  take  the  form  of  discussing  and  manipulating  objects

and  pictures  (fractions  strips,  candybars,  pizzas,  cakes,  etc.)  on several

occasions  to create  and  strengthen  the  framework  for  that  concept.  However,  we

mustalso  create  experiences  thatfosterdisequilibrium  in children's  interaction

with  their  environment.



Continuing  the  previous  example,  when  the  children  are  presented  with  fractions

thatareNOTunitfractions,theirschemataischallengedwithnovelty.  Thechild

may  know  and  conceptualize  that  one-third  of  a pizza  is greater  than  one-eight  of

a pizza  because  the  slices  are  bigger,  but  what  happens  when  you are

comparing  one-third  of  a pizza  with  THREE-eighths  of  a pizza?  The  child's

simple  schemata  of  "as  the  denominator  gets  larger,  the  fraction  gets  smaller"  is

no Iongersufficientto  satisfactori)yreach  equilibrium  with  this  novel  experience.

The  process  oTaccommodation  is then  catalyzed  as children  have  continuing

experiences  with  this  same  type  ofdisequilibrium,  ultimatelyresulting  in the

creation  of  the  concepts  as  the  numerator  gets  larger,  the  fraction  gets  larger,  and

one  must  considerboth  the  numerator  and  the  denominator  when  comparing

fractions  (among  manyother  possibilities).

Second,  we  must  select  the  kinds  of  experience  that  are  educative,  that  live

on"fruitfuflyandcreatively"infutureexperience.  Conversely,wemustavoid

designing  experiences  that  close  off  children  to continued  learning.  Going  back

to our  fraction  example  from  above,  it may  be easier  to provide  an experience  for

children  that  automaticizes  their  learning  ofthe  rule  as  the  denominatorgets

larger,thefractiongetssmaller.  Theteachercouldsimplypresentaseriesofunit

fractions  in abstractsymbol  form,  teach  the  rule  to the  children  without  physical

(manipulative  or  visual)  representation,  and  give  children  several  examples  to

which  to applythe  newly  learned  rule.  It is virtuallycertain  that  most  children  will

be  able  to complete  thattaskwith  accuracywithoutdifflculty-since  the  only

knowledge  required  is how  to compare  the  magnitude  of  numbers-and  so  the

teacher  mayfeel  that  "learning"  has  indeed  occurred.  However,  no conceptual

understanding  offractions  has  been  developed.  \/\/hen  those  children  are  then

presented  with  fractions  that  are  NOT  unit  fractions,  they  have  little  basis  on

whichtoconstructfurthermeaning.  Theyarereliantontheteacherforyetanother

abstract  symbolic  manipulation  of  numbers-this  time,  probablysome  algorithm

for  converting  fractions  to common  denominators  and  comparing  the  numerators

-that  again  provides  them  with  little  conceptual  understanding.  V\/hen  asked  to

find  a fraction  ofa  number  (say,  one-fourth  oftwenty),  these  children  are  again  at

a loss,  again  relying  on the  teacher  for  a set  of  algorithms  with  little  meaning,

algorithmsthatareeasilyforgottenandrarelyflexiblyapplied.  Furthermore,the

students  fail  to see  the  connections  between  all ofthese  tasks,  the  realization  of

which  ultimately  leads  to the  understanding  that  fractions  name  part  of  a whole.

The  first  experience  has  NOT  lived  on  fruitfully  or  creativelyin  future  experiences  ;

it has,  as Deweywarned  against,  "increased  a person's  automatic  skill  in a



particular  direction  and  yet  [landed]  him  in a groove  or  ruf'  (Dewey  1938,  p. 26).

The  child  has  had  a "mis-educative"  experience.  Instead,  we  muststrive  to

provide  experiences  that  open  the  child's  mind  to future  experiences.

In sum,  then,  consideration  of  Piagetian  and  Deweyan  theoryyields  two  major

implications:

1)We  muststriveforbalance  between  assimilation  and  accommodation.

2) We  must  design  experiences  that  are  educative -those  that  pave  the  wayfor

future  experiences.

What  does  understanding  mean?

Do  they  get  it? Most  teachers  ask  themselves  this  question  as they  plan

curriculumandengagewithstudents.  But"gettingit"isanelusiveconceptto

define.  \/\/hatdoesitmeanto"getit?"  Oneofthemostusefulframeworksforme

is Skemp's  instrumental  understanding  and  instrumental  understanding

paradigm.

It can  be understood  thus:  imagine  two  men  living  in the  same  city. One  man  is a

work-a-holic,andspendsallofhistimeatworkorathome.  Everyday,hetravels

from  home  to work,  and  from  work  to home,  using  the  same  route  everyday.  He

is incrediblyefficientattraveling  this  route.  In his mind  lives  this  understanding:

to gethome,lneedto  turn  rightatMain  Street,  leftatFirstAvenue,  andrightat

Palm  Drive.

Contrast  him  with  our  second  man.  Our  second  man  is a taxi  driver.  He rarely

travels  the  same  route  everyday.  He  picks  up passengers  and  brings  them  to

their  destinations,  using  what  he knows  ofthe  city's  layout.  He  does  not  have  a

defined  algorithm  for  any  particular  route,  but  he does  use  what  he knows  about

the  efficiency  and  relativity  of  various  routes  and  applies  that  knowledge  flexibly.

In his  mind  lives  this  understanding:

o
First  Aye

cond  Ave

Our  first  man  can  be said  to have  what  Skemp  calls  "instrumental  understanding"

knowing  what  to do and  how  to do it [my  paraphrasing].  He knows  how  to get



from  home  to work,  and  from  work  to home.  Our  second  man,  the  taxi  driver,

possesses  "relational  understanding"-knowing  whatto  do and  why. His

mental  map  ofthe  citydoes  not  make  him  an expert  at navigating  every  route,  but

itdoes  allow  him  to flemblyand  comfortablyarrive  atvirtuallyanydestination.

Finally,  consider  this  task  presented  to each  man:  what  is the  bestwayto  get

from  the  park  to the  zoo?

It is obvious  which  man  will  be  able  to complete  the  task.  The  taxi  driver

understands  how  the  parts  ofthe  cityare  related  to each  other,  and  thus  he is

more  able  to tackle  any  routing  question  easily.  The  work-a-holic  is extremely

adeptin  a very  narrow  situation,  but  his  lack  of  relational  understanding  limits  his

fluencyto  one  area  only.

The  National  Research  Council  espouses  a similar  definition  of  understanding,

which  theydub  "conceptual  understanding"  (NRC  2001,  p. 118):

Conceptual  understanding  refersto  an integrated  and functional  grasp of mathematical  ideas.

Studentswith  conceptual  understanding  knowmore  than isolated  factsand  methods.  They

understand  why a mathematical  idea isimportant  and the kinds  of contextsin  which  it is

useful.  (NRC2001,  p. 118)

Let  us take  an example  in mathematics.  Imagine  two  teachers,  Mr. I and  Mr. R.

Mr. I teaches  for  instrumental  understanding-he  wants  his  students  to know

what  to do  and  how  to do it, with  efficiency  and  accuracy.  Mr. R is also  concerned

with  efficiency  and  accuracy,  but  he wants  his  students  to have  relational  (or

conceptual)  understanding,  and  organizes  his  teaching  to supportthis

development.

Nowconsiderthis  problem:

Jackhad  7 pencils.  Tyrone  had  4 pencils.  How  many  pencilsdo  they  havein  all?

Mr.ltakes  this  approach:  he knows  thatthesetypes  ofquestions  are  incredibly

important  in first  and  second  grade  mathematics,  and  that  he will  be evaluated

on whether  his  students  can  answer  this  correctly.  His  approach  is to teach  a

keyword  strategy- the  words"in  a//"  tell  you  that  you  should  add.  He knows  that

few  students  will  have  difficultyinternalizing  this  rule.  This  approach  will  work



in a single-step  algorithm)  and  is even  flexible  enough  when  the  number  of

addends  increases  (for  exam  ple,  four  kids  with  four  quantities  of  pencils).  Mr. I

teaches  this  rule,  and  provides  several  opportunities  for  practice.  His  students

scorewell  on an assessmentdominated  bythesetypes  ofproblems.

Mr. R takes  a different  approach.  He is aware  of  the  need  for  his  students  to be

proficient  at  these  types  of  problems,  but  he  also  fits  that  into  his  larger  goal  of

having  his  students  become  flexible  problem-solvers.  His  approach  is to

emphasize,  through  extensive  discussion,  whythese  numbers  should  be added.

He  wants  his  students  to come  to this  understanding:  addition  is used  when

quantities  are  being  put  together.  Over  the  unit,  he exposes  his  students  to both

addition  and  subtraction  problems  ofthis  sort,  so  that  students  can  see  that

subtraction  is used  when  quantities  are  being  taken  away,  and  so  children  can

see  the  inverse  relationship  between  addition  and  subtraction.  Mr. R always

insiststhatstudentsarticulatewhynumbersareaddedinthistypeofproblem.  In

this  way,  Mr. R's  students  are  not  only  prepared  to tackle  problems  of  the  sort

above,  but  also  many  other  problems.

The  contrast  between  the  approaches  may  not  be clear  initially;  in both  classes,

students  are  able  to accuratelyand  efficientlycomplete  simple  one-step  addition

problems.  However,  the  difference  between  Mr. I's and  Mr. R's  teaching

becomes  starkwhen  the  students  are  challenged  to solve  differenttypes  of

problems.

Consider  this  next  type  of  problem,  which  teachers  may  use  as an entree  into

m ultiplication:

Jack  and  Tyrone  each  have  several  boxes  of  pencils.  Jack  has  4 boxes,  and  each  box  has  8

pencils.  Tyrone  has  3 boxes,  and  each  box  has  5 pencils  How  many  pencils  do  they  have  in

all?

Mr. I's students,  having  had  much  success  with  the  "in  all"  rule,  applytheir

understanding  instrumentally- when  you  see  the  words"in  all,"  add  the  numbers

up. Many  of  them  add  all the  num  bers  together  and  get  the  answer  of  18. \/\/hen

told  that  "in  all"  can  also  mean  multiplication,  and  thattheyare  now  supposed  to

multiply4and6,andthenaddthattothesumof3x5,theyareconfused.  The

nexttime  theyencounter  a word  problem  with  "in  all,"  their  confidence  is shaken.

It is unclear  to them  which  operation  to choose.



Mr. R's  students,  having  understood  the  concepfofaddition,  are  initiallynotquite

surewhattodo.  Theyknowtheyareputtingnumberstogether,butmostofthem

areprobablymorethoughtfulaboutwhatnumberstheyneedtoputtogether.  The

subsequent  discussion,  then,  mayfocus  on adding  four  6's  and  three  5's,

providing  a powerful  segue  into  discussing  the  concept  of  multiplication.

In Deweyan  terms,  the  contrast  between  these  two  types  of  experiences  is

significant.

Mr. I's students'  experience  has  produced  some  level  oflearning,  butthe

experience  is notnecessarily"educative."  Deweyposits  that"everyexperience

enacted  and  undergone  modifies  the  one  who  acts  and  undergoes,  while  this

modification  affects,  whetherwe  wish  itto  or  not,  the  qualityofsubsequent

experiences"(Dewey1938,p.35.  Injudgingthequalityofanyexperience,then,

Deweyprods  us to ask:

Does this  form of growth create  conditions  for further  growth, or doesit  set up conditions  that

shut off the person who has grown in this  direction  from the occasions,  stimuli,  and

opportunitiesforcontinuing  growth in newdirections?  (Dewey 1938,  p. 36)

In the  more  concrete  context  of  our  problem  above,  the  instrumental

understanding  in Mr.l's  class  shutoffthe  children  to opportunities  to discuss  the

conceptbehind  the  operation  called  "addition,"  making  itdifficultforthem  to

extend  their  expertise  into  other  areas.

Those  in Mr. R's  class,  bycontrast,  having  developed  re/afiona/understanding  of

addition,  are  primed  to develop  further  in subsequent  experiences.

This  is notto  saythatinstrumental  understanding  is not  useful  as well.  Asevere

lack  ofinstrumental  understanding  significantly  hampers  efficacy-knowledge  of

the  city'  s layout  does  a taxi  driver  no good  if he does  not  know  how  to drive  a car.

Mr. R's  students  still  need  instrumental  understanding-theystill  need  to know

howto  add  numbers.

This  brings  us to our  third  implication  for  math  instruction-our  teaching  must

strive  for  both  instrumental  understanding  and  relational  understanding  The

figure  on the  next  page  summarizes  this  implication:



Knowing  what  to  do  and

HOW  to  do  it

Our

goal

Knowing  what  to  do  and

WHY

The  major  bodies  that  govern  curriculum  developmentin  mathematics  are  clearly

aligned  on this  point.  Conceptual  (relational)  understanding  is important.  Both

the  National  Research  Council  and  New  York  State  emphasize  conceptual

understandingaspartofwhatitmeanstobe"mathematicallyproficient."  They

glso  include  several  otherstrands:

New  York  State  Mathematics  Standard  3

Content  Strands

Piablam  8dvlng

Rauenlng  and  Preal

Rapiaunlmlon

Mathemalk.al  Profk.lency

aeiieepual

llndaislamlnl)

F%ogrbu

Source:  New York  State  Standards  Grades  3-8

S(rat("nlC l Produclivo
Competenco Disposition

l.t  ,

Intertwlned Strands of  Proficlem.y

Source:  NRC  2001,  p. 5

These  two  frameworks  are  quite  similar.  The  NRC's  structure  is perhaps  more

detailed,  breaking  what  New  York  State  calls  "problem-solving"  into  the  two

strandsof"strategiccompetence"and"adaptivereasoning."  Forme,this

difference  is not  incrediblysubstantive-these  two  strands  are  inextricably  linked.

To have  strategic  competence,  one  needs  to be able  to reason  adaptively.
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For  me,  the  more  important  difference  between  the  two  frameworks  is the  NRC's

inclusion  ofthe  strand  "productive  disposition,"  which  the  NRC  defines  as the

"habitual  inclination  to see  mathematics  as sensible,  useful,  and  worthwhile,

coupled  with  a beliefin  diligence  and  one's  own  efficacy"  (NRC  2001,  p. 5). Put

moresimply,itisthejoyfactor.  Dothekidsloveit?  Thejoyfactor,Ibelieve,is

the  engine  behind  all ofthe  other  strands.

The  ioy  factor

This  part  is simple.  Ifthere  is no joy,  it is difficultto  learn,  let  alone  learn  with

understanding.  Focus  is lost,  motivation  is weak,  and  the  perseverance  to

productivelydeal  with  uncertainty-the  noveltythat  creates  the  accommodation

Piaget  describes-is  non-existent.

Even  Deweyacknowledges  the  importance  ofjoy:  "The  qualityofanyexperience

has  two  aspects.  [First],  there  is an immediate  aspect  of  agreeableness  or

disagreeableness..."  (Dewey  1938,  p. 27).

Butwhatdoes  this  looklike  in the  classroom  thatemphasizes  understanding?  It

is notsufficientto  make  class  "fun."  There  are  a plethora  ofexamples  of"fun"

activities  that  serve  little  mathematical  or  developmental  purpose.

More  lasting-and  therefore  more  educative  in the  Deweyan  sense-is  helping

children  feel  successfu/atmathematics.  Itis  no secretthatchildren  love  things

theyare  good  at. Designing  experiences  in which  theycan  feel  successful-and

still  develop  relational  understanding-is  therefore  crucial.  In this  way,  the  joy

factor  is intimatelylinked  with  \/ygotsky's  notion  of  a zone  ofproximal

development.  Theexperiencemustnotbetooeasysuchthatlittlelearning

occurs,  but  it must  not  be  too  difficult  such  that  frustration  sets  in.

Everyexperience,then,musthaveanelementofcomfortforthechildren.  From

this  level  of  comfort,  the  children  can  then  spring  to understanding  of  new

content.  Wemust,however,haveacreafivesenseofwhatthatcomfortlevel

might  be. The  comfort  need  not  be derived  only  from  familiar  content.  It can  be a

story,  an analogy,  a mnemonic  device,  a chant  setto  the  rhythms  with  which  the

childrenarefamiliar.  \/S/henthechildrenareenjoyingthemselves,theirfocus-

and  abilityto  tackle  challenging  content-is  mammized.  The  teacher  musttake

care,  however,  notto  relytoo  heavilyon  methods  thatdevelop  onlyinstrumental

understanding.  This  type  ofteaching  would  simplytake  "traditional"  teaching  -
15
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algorithms  to be memorized-and  make  itfun.  The  teacher  still  needs  to

consider  relational  understanding  in designing  classroom  tasks.

Butthe  bottom  line  is this:  the  kids  have  to love  it. Like  Shel  Silverstein's  pet

rhinoceros  in Who  WantsA  Cheap  Rhinoceros,  no matter  how  much  grief  it

causes  us,  math  is justso  easyto  love.

What  does  a classroom  that  teaches  for  understanding  look  like?

Hiebert(1997)  outlines  the  majordimensions  ofa  classroom  thatemphasizes

understanding:

DIMENSIONS  COREFEATURES

Nature  of  Classroom  Tasks  Make  mathematics  nroblematic

Coct  with  where  students  are

Leave  behind  something  of  mafhemafical  value

Role  ofthe  Teacher  Selecttasks  with  goalsin  d

Sbare  essential  infomiation

Establtsh  classmom  mtutv

So  Culture  ofthe  Classroom  Ideas  and  methods  are valued

Shidents  choose  andshare  tbeirmethods

Mistakes  are leaming  sites  for  everyone

Corztness  resides  in  mathematical  argument

Maihernatical  Tools  as Lem'g  Meaning  for  tools  must  be corcted  by  each  user

Suppons  Used  with  purpose-to  solve  problems

Used  for  recordim_  eommunica_  and  thinking

Equity  and  Accessibility  Tasks  are accessible  to all  students

Every  student  is heard

Bvery  student  contibutes

1-1 Summatyofdimensionsandctirefeaturesofclassromnsthatpromotetuiderslanding

All ofthese  dimensions  are  crucial,  butthe  social  culture  is particularlyimportant.

Hiebert  advises  teachers  to create  a culture  where  discourse  is primarily  about

methods  and  where  reasoning  is the  guiding  principle  ofclass  debate.  I could

notagree  more.  In mythird  grade  classroom,  students  were  always  expected  to

justifytheir  methods  with  mathematical  reasoning  and  proof,  and  that  consistent

practiceenabledthemtoreachadeeperlevelofmathematicalunderstanding.  In

myclassroom,everystudenthadtheopportunitytobea"teacher."  Students

would  go up to the  overhead  and  justifytheir  reasoning  and  explain  their

methods.  Other  students  would  be encouraged  to ask  "why"  questions,  so  much

so  that  nearly  every  statement  the  "teacher"  made  was  met  with  a "why"  question.

Afterwards,  students  engage  in evaluation-giving  feedback  on what  "teachers"

did  well  and  what  they  could  work  on. Hiebert  considers  this  process-reflection

and  communication-vital  to creating  understanding:
16
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Reflection  occurswhen  you  consciously  thinkabout  yourexperiences...  stopping  to think

carefully  about  things,  to reflect,  is almost  sure to result  in establishing  new  relationships  and

checking  new  ones.  It is almost  sure to increase  understanding.

Communication  involvestalking,  listening,  writing,  demonstrating,  watching,  and  so on.  It

meansparticipating  in social  interaction,  sharing  thoughtswith  othersand  listening  to others

share  theirideas...  often  we can  accomplish  more  than  if we worked  alone.  Furthermore,

communication  allows  us to challenge  each  other's  ideas  and  ask  for  clarification  and  further

explanation.  This  encourages  us to think  more  deeply  about  our  own ideasin  order  to

describe  them more clearly  orto  explain  o2ustify  them. (Hiebert  1997, p. 5-6)

We  must  strive  to create  classrooms  in which  reflection  and  communication  are

a natural  and  integral  partofwhat"mathematics"is.  Ifa  studentin  myclass  is

asked,  "\/Vhat  do you  do in math?"  I would  be pleased  if the response  is,  "We  talk

about  our  thinking."

Guidinq  principles

Mygoal  is to teach  for  understanding,  and  for  mystudents  to learn  with

understanding.  Examining  learning  theory,  exploring  understanding,  considering

the  joyfactor,  and  laying  outwhata  classroom  thatemphasizes  understanding

looks  like  yields  several  principles  that  guide  this  study:

1)We  muststrive  for balance  between  assimilation  and  accommodation.

2) We  must  design  experiences  that  are  educative-those  that  pave  the  wayfor

future  experiences.

3) We  m ust  strive  for both  instrumental  understanding  and  relational

understanding.

4) We  must  ensure  that  our  students  approach  mathematics  with  joy.

5) We must  create  a social  culture  in which  students  communicate  and  reflect

upon  their  thinking  and  reasoning.

If I can  adhere  to the above  principles,  it is mybeliefthatthe  answers  to mytwo

primaryquestions-Do  theygetit?  And  Do  theylove  it?-are  two  resounding

yes's.
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CHAPTER  3: BIG  IDEAS  AND  STANDARDS

Fosnot  and  Dolk  (2002)  use  the  framework  of  "big  ideas"  to guide  curriculum

developmentin  different  areas.  These  big ideas  are  the  fundamental

mathematical  relationships  underlying  different  content  strands,  and  are  the

realizations  that  teachers  hope  their  students  construct  throughout  the unit. It is

useful  to consider  the  big ideas  in relation  to the  new  (revised)  content  standards

put  forth  by New  York  State:

i...- , Bigldeas
ht'aRtk'tWa**ia+i*m..c'aabeiza'ih*  zza'  rLaJ&  4fifi')1

f-'. NbwYock_.StateStandards(Gr.51
tic.' a...". .';'."  "  a% - ' - ... a a'Mmbkxeji.i!zx#y iazfllt&z  zA/z  *as

!t,laM Thqi:t
m%4'. ')%ail

@  @ @Vl a  @ @u @-1 € 5 &%J%g& j  i
{";':a   i "  a"-a-  --'- %

in

m ffl:C'i"',,:ffijgffif &fl &Vff - b
Fractions  are relationships  of parts  to wholes.

Fractionsare  connected  to multiplication

and  division.

: Convertimproperfractionsto  mixed

numbers,  and  mixed  numbersto  improper

fractions

Any  fraction  can  be renamed  -  fractions

with  different  denominatorsthat  name  the

same  amount  are equivalent.

5.N.4:  Create  equivalent  fractions,  given  a

fraction

: Simplify  fractionsto  lowest  terms

Fractionsare  more  easily  compared  if they

have  lim  denominators.

To  compare  two  fractions,  the  whole  must

be the  same.

520. : Compare  fractions  us'ng <, >, or =

5_j.  : Compare  and  orderfractions

including  unlim  denominators  (with  and

without  the  use of a numberline)  Note:

Corrrmnly  used  fmctions  such  as those  that

mght  be indicated  on ruler,  etc.

Adding  and  subtracting  fractionsiseasierif

the  denominatorsare  the  same.

: Use a variety  of strategiesto  add

and  subtract  fractionswith  like denominators

5j  : Add  and  subtract  mixed  numbers

with  like  denominators

Percents  are  fractions  based  on a 1 00-part

whole.

: Understand  that  percent  means  part

of 100,  and  write  percents  as  fractions  and

decimals

Decimalsare  fractionsusing  base-ten

equivalentsand  place  value.

. : Read,  write,  and  orderdecimalsto

thousandthS

: Compare  decimals  using  <, >, or  =

6_j  : Use a variety  of strategiesto  add,

subtract,  multiply,  and  divide  decimalsto

thousandths

In designing  the  curriculum  unit,  then,  I need  to consider  both  the big ideas  I

hope  to help  learners  construct  as well  as the  standards  learners  need  to meet

byyear's  end.  These  two  must  be considered  together,  as it is difficult  to come  to
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a relational  proficiencyin  meeting  standards  without  development  of  big ideas.

Going  back  to the  guiding  principles  ofthe  studyyields  more  specific  implications

forthe  design  ofthe  unit:

1iWe  m ust  strive  for  balance  between  assimilation  and  accommodation.

Though  the  big ideas  do not  necessarily  develop  in a linear  sequence,  it is

importantto  ensure  thatsome  assimilation  occurs  before  additional

accommodationisdemanded.  Forexample,studentswillhaveincredible

difficultyaccommodating  forthe  big  idea  to compare  two  fractions,  the  whole  must

be  the  same  ifthey  have  not  yet  understood  that  fractions  are  relationships  of

partstowholes.  Wemustbesuretoprovideenoughexperiencesforstudentsto

assimilate  this  crucial  big  idea.

Bythe  same  token,  ifwe  do notintroduce  novelty-and  thus  spur  the  need  for

accommodation-some  big ideas  will  never  develop.  For  example,  we  may

provide  students  with  manyopportunities  to assimilate  the  rule  ifthe

denominatorgets  larger,  the  fraction  gets  sma//erwith  tasks  involving

comparisons  of  unit  fractions  only,  as  well  as as  the  numeratorgets  larger,  the

fracfXongetslargerforfractionswithlikedenominatorsonly.  However,ifwedo

not  challenge  students  to compare  fractions  with  unlike  denominators  and  unlike

numerators,  theywill  likely  never  develop  the  big  ideas  fractions  are  more  easily

compared  if  they  have  like  denominators  and  to compare  two  fractions,  the  whole

mustbe  the  same.  Balance  is key.

2) We  must  design  experiences  that  are  educative-those  that  pave  the  wayfor

future  experiences.

One  of  KIPP's  mottos  is "No  Shortcuts."  It is an apt  saying  to apply  here.  For

example,itmaybe  simplestto  presentdecimals  in relation  to money,  since

students  tend  to have  familiaritywith  the  dollars-and-cents  decimal  notation.

However,  we  mustmake  sure  thatstudents  do  notsimplythink  ofdecimals  as

moneyandshuttheirthinkingdown.  Wemustpushfortheunderstandingthat

each  digit  after  a decimal  point  has  a place  value,  so  that  students  can  be

successful  with  future  experiences  thatinvolve  decimals  beyond  hundredths  or

those  limited  to tenths.  As Deweyargues,  the  experiences  we  create  must  be

educative-they  m ustlive  on "fruitfully  and  creatively"  in future  experiences.



3) We m ust  strive  for  both  instrumental  understanding  and  relational  understanding.

Forexample,wemustmakesurethatstudents  notonlyunderstand  HOWtocreate

equivalentfractions,butalso\/\/HYthosealgorithmswork.  Wemustalsobesurethat

students  are  competent  and  efficient  at useful  algorithms  (for  example,  finding  the least

commondenominatoroftwofractions).  Wedonotwantourstudentsneedlessly

recreating  inefficient  methods  to compare  two  fractions  once  they  have  grasped  the

relational  understanding  underlying  the  algorithm.

4) We must  ensure  that  our  students  approach  mathematics  with  joy.

Manystudents  approach  fractions  with  dread.  No wonder;  since  the  subject  is often

taught  abstractly,  there  is little  concrete  material  to grasp  onto  as they  navigate  the

minefieldsofendlessalgorithmstomemorize.  Instead,wemustfirstmakesurethat

anydiscussion  offractions  is grounded  in concrete  terms,  in contexts  with  which  they

are  familiar.  This  can  take  the  form  ofstories,  pictures,  demonstrations-anything  to

help  students  who  are  making  the  transition  from  Piaget's  concrete  operational  to

formal  operational  stage.

Of  course,  the  goofier  the context,  the  better.  As KIPP  Bronx  math  teacher  Frank

Corcoran  remarks,  "The  [goofy]  stories  serve  a purpose.  Theyprovide  a paradigm  for

struggling  students  to follow  to a comfort  zone  in the  classroom,  and  theyentertain  the

more  advanced  students  who  otherwise  might  not  payattention  to the  details"  (KIPP

Math curriculum  guide).

5) We  mustcreate  a social  culture  in which  students  communicate  and  reflect  upon

their  thinkinq  and  reasoning.

This  needs  little  elaboration.  I believe  thatstudents  will  learn  mostwith  extensive  class

discussionsaboutfractions,methods,errors,etc.  ltistheteacher'sdutytoprovidejust

enough  guidance  to prod  the discussion  in the right  direction,  but  not  so  much  that

students  abandon  their  own  reasoning  and  rely  on the  teacher's  thinking.
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INTRODUCTION

This  curriculum  unitoffractions,  percents,  and  decimals  aims  to meetthe  New

York  State  performance  standards  outlined  in Chapter  3, all the  while  creating

re/afjona/understandingoftheconceptsexplored.  Therefore,insteadofbeing

taught  in isolation,  students  are  constantlyasked  to make  connections  between

fractions,  percents,  and  decimals  as differentways  of  naming  parts  ofa  whole.

One  ofthe  keythemes  that  runs  through  the  5th grade  curriculum  in these  areas

is the  abilityto  compare  different  amounts.  Thus,  the  culminating  exploration  of

the unit  is concerned  with  comparing  fractional  amounts  in authentic  problem-

solving  contexts.

Another  keytheme  that  will  be brought  outin  this  unit  is the  usefulness  of

fractions,  decimals,  and  percents  in real-life  contexts.  Therefore,  throughoutthe

unit,  students  will  encounter  problems  grounded  in real-life  contextthat  push

them  to applythe  concepts  theyhave  learned.

Athird  keythemeis  the  use  ofmodels  forfractions.  Afraction,  byitself,  means

little  to the  average  5th grader.  We  must  help  them  constructvisual  and

manipulative  representations  of  each  fraction  to help  them  with  the abstraction

inherentinoursymbolsystem.  Therefore,studentswillconstantlybeaskedto

representfractions  with  various  models-fractions  strips,  fraction  towers,  pattern

blocks,  clock  faces,  grids,  etc.

Afourth  theme  concerns  the  sequencing  ofindividual  lessons.  Often,  lessons

are  taught  in this  way:  a rule  is given,  and  then  students  practice  that  rule  on

several  examples  until  they  master  it. However,  I do not  believe  that  many

students  actually  come  to relational  understanding  in this  way. Therefore,  in this

unit,  the  general  model  is to first  push  students  to prove  certain  assertions  using

the  visual  models  with  which  theyare  familiar,  and  onlythen  to discuss  the  rule

that  can be implied  from  theirown  reasoning.  In this  way,  we  can create  both

instrumentalandrelationalunderstanding.  Ibelievethatthissimplechangein

sequencing  can make  significantdifferences  in mathematical  understanding  and

reasoning  skills.

The  unit  is divided  into  four  interrelated,  carefully  sequenced  explorations.

The  first  exploration  is a foundational  exploration,  giving  students  ample

experience  with  models  to help  them  conceptualize  fractions.  The  second

exploration  goes  deeperwith  fractions,  working  with  equivalence  and  simple

operations.  The  third  exploration  connects  fractions  to decimals  and  percents.

The  fourth  and  final  exploration  utilizes  three  powerful  problem-solving  contexts

to notonlyconsolidate  prior  knowledge  from  previous  explorations  (assimilation)

butalsointroducethedifficulttaskofcomparingfractions(accommodation).  In



INTRODUCTION

this  way,  the  explorations  are  not  isolated  lessons  but  interconnected  and  build

upon  one  another,  such  that  older  knowledge  is constantlyspiraled  and  revisited,

and  sometimes  revised.

This  unit  attempts  to meet  the  5 implications  drawn  outin  Chapter  2:

Balance  between  assimilation  and  accommodation.  Ample  time  is give  for

each  lesson  such  thatstudents  can  assimilate  importantinformation  before

movingontoaccommodatenewinformation.  Forexample,3-4sessionsare

allotted  Exploration  l: What  is a fraction?  because  of  the  im portance  of

assimilating  visual  models  forabstractfraction  symbols.

Educative  experiences.  Each  lesson  builds  upon  the  last.  For  example,  the

visual  models  used  in Exploration  I are  constantly  referred  back  to and  used  in

subsequent  lessons  as experiences  to be built  upon.  Therefore,  each  lesson  is

designed  to be useful  not  onlyin  meeting  that  particular  lesson's  objective,  but  is

designed  to be useful  in future  lessons  as well.

Both  relational  and  instrumental  understanding.  The  sequence  ofindividual

lessons-model  first,  then  generalized  rule-contributes  to the  development  of

both  relational  and  instrumental  understanding.

.jgy.  "Goofy"  stories  are  incorporated  to help  students  remain  engaged  and

focused.  In addition,  the  visual  models  are  often  created  bythe  students

themselves,  which  is interesting  to them  (art)  as well  as creates  a sense  of

ownership.

Communicationandreflection.  Studentswillconstantlybeaskedtoprovetheir

assertions  with  reasoning  and  logic,  both  verbal  and  visual.  An important  part  of

everylesson  is the  math  congress  discourse.

This  section  is set  up as follows:

Unit  overview-four  explorations

Exploration  IVoutlined

a The  drinks  problem  in Exploration  IVin  detail-Melnick  lesson  plan

a Materials  and  resources
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EXPLORATION  IAND  II THE  FOUNDATION

EXPLORATION  l: What  is a fraction?

Sessions:4-5

Students  are  introduced  to various  models  to represent  fractions-fraction  circles,

fraction  towers,  pattern  blocks,  clock  faces,  grids.  Students  work  to identify

fractions  of  area,  fractions  of  volume,  fractions  of  a set,  and  fractions  of  num  bers.

The  key  big  idea  to be developed  here  is "a  fraction  represents  a part  of  a whole,

measured  in equal  parts."

BIG  IDEAS STANDARDS

Fractions  are  relationships  of  parts  to

wholes.

Fractions  are  connected  to

multiplication  and  division.

EXPLORATION  II: Going  Deeper  With  Fractions

Sessions:4-5

Students  workwith  fractions  in more  depth,  encountering  problems  thatchallenge

them  to create  equivalentfractions  (including  simplifying,  work  with  mixed

numbers  and  improperfractions,  and  adding  and  subtracting  fractions  with  like

denominators.

BIG  IDEAS STANDARDS

Fractions  are  relationships  ofparts  to

wholes.

Fractions  are  connected  to multiplication

and  division.

Anyfraction  can  be renamed-fractions

with  different  denominators  that  name

the  same  amount  are  equivalent.

Adding  and  subtracting  fractions  is

easier  ifthe  denominators  are  the  same.

U!L!. : Create equivalentfractions,
given  a fraction

: Simplifyfractions  to lowest

terms

: Convertimproperfractions  to

mixed  numbers,  and  mixed  numbers

to improperfractions

: Use  a varietyofstrategies  to

add  and  subtractfractions  with  like

denominators

5j_j22  :Add  and subtractmixed
numbers  with  like  denominators
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EXPLORATIONS  Ill AND  IV  CONNECTIONS

E"(PL-ORATION  Ill: Connecting  Percents  and  Decimals  To Fractions

Sessions:4-5

Students  are introduced  to the  two  other  conventions  of  naming  parts  of  a whole  -

decimals  and  fractions.  Students  explore  percents  on hundred  grids,  and  connect

these  amounts  to fractions,  including  fractions  that  do NOT  have  a denominator  of

100.  Decimalsareconnectedtostudents'knowledgeofbase-10placevalue,as

well  as familiaritywith  the  monetarysystem.  Special  attention  is also  given  to

ordering  and  comparing  decimal  amounts,  as well  as applying  number

operations  (addition,  subtraction,  multiplication,  and  division)  to decimal  amounts.

BIG  IDEAS STANDARDS

Percents  are  fractions  based  on a 100-

part  whole.

Decimalsare  fractionsusing  base-ten

equivalentsand  place  value.

: Understand  that  percent  means  part  of

100,  and  write  percentsasfractionsand  decimals

5_!A_u. : Read, write, and orderdecimalsto
thousandths

: Compare  decimals  using  <, >, or  =

52  : Use a variety  of strategiesto  add,
subtract,  multiply,  and  divide  decimalsto

thousandths



EXPLORATION  IV ORGANIZED  AROUND  THREE

RELATED  PROBLEMS

Our  class  decides  to  go  on  a picnic  to  Prospect  Park.  To  prepare

for  this  picnic,  we  need  drinks,  sandwiches,  and  candy  bars  for

dessert.

We  go  to  the  grocery  store,  and  see  I 8-packs  of  Gatorade

sellingfor$l6.  Notwantingtoberippedoff,wegotothe
corner  deli  and  see 15-packs  of  Gatorade  selling  for  $14.

Which  store  has  the  better  deal  on  (3atorade?
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When  we  get  to  the  park,  we  split  up  into  4 groups,  who  sit  at

four  different-colored  tables.  There  are  only  17  sandwiches

to  go  around,  and  we  split  them  up  like  this:

a At  the  blue  table,  4 kids  get  3 sandwiches

a At  the  red  table,  5 kids  get  4 sandwiches

a At  the  green  table,  8 kids  get  7 sandwiches

o At  the  yellow  table,  5 kids  get  3 sandwiches

But  some  kids  start  to  complain  that  this  isn't  fair.  Do  you

agree?  Why  or  why  not?

Then,  for  dessert,  we  have  a whole  bunch  of  Snickers  bars.

But  we  don't  have  an  organized  way  to  distribute  them.  Two

different  groups  of  kids  approach  you.  One  group  wants  you

to  be part  of  3 kids  splitting  2 Snickers  bars.  The  other  group

wants  you  to  be part  of  5 kids  splitting  3 Snickers  bars.

Which  group  would  you  rather  be in?

NOTE: The drinks  problem  and the sandwiches  problem  are adapted  from  the catfood
problem  and sandwiches  problem  in Fosnot  and Dolk  (2002)



LESSON  PLAN:  THE  DRINKS  PROBLEM  (l)

We  go  to  the  grocery  store,  and  see  1 8-packs  of  (ztorade

sellingfor$l6.  Notwantingtoberippedoff,wegotothe
corner  deli  and  see 15-packs  of  Gatorade  selling  for  $14.

Which  store  has  the  better  deal  on  (3atorade?

What  is the  mathematics  in this  lesson?

This  lesson  is centered  around  the  idea  thatfractions  are  connected  to division,

as well  as the  factthatfractions  can  be expressed  using  decimals-specifically,

monetaryamounts.  Also,studentswilldeveloptheideathattocompare

fractional  amounts,  some  common  context  must  be arrived  at-for  example,  that

we  must  compare  the  price  of  ONE  Gatorade  (or  THIRTY  Gatorades)  to get  a fair

andaccuratecomparison.  Inadditiontothesecontenttopics,thestudentswill

be utilizing  a number  of  problem-solving  skills,  including  framing  the  problem,

communicating  with  others  using  a varietyof  media  (verbal,  written,  visuals),  and

defending  their  findings.

Where  does  the  lesson  fall  in the  unit  and  why?

This  lesson  is the  first  problem  in the  final  unit.  It is a relativelystraightforward

problem-onlytwo  sets  ofvariables  to be considered,  a simple  two-way

comparison-thatdraws  upon  all  ofthe  knowledge  and  skills  developed  in

previous  explorations  in this  unit.  Bycontrast,  the  sandwiches  problem  is more

complex-foursets  ofvariables  to consider-which  is whyitcomes  afterthe

drinks  problem.

NOTE: This lesson  plan format  was  developed  by Hal Melnick,  Bank  Street  College  of
Education



LESSON  PLAN  THE  DRINKS  PROBLEM  (II)

What  are  your  math  goals  for  the  students  as  they  do  this  lesson?

Students  will  utilize  several  problem-solving  strategies  to approach  this  problem,

including  seeing  fractions  as division,  using  ratio  tables,  and  finding  a common

base  amount  to create  a fair  comparison.  Everyteam  MUST  come  up with  at

leastTWOwaystojustifytheiranswer.  Inaddition,itismyhopethattheending

whole-group  Math Congress  will  help  children  see  thatthere  are  a myriad  of

ways  to approach  the problem,  and  thattheir  classmates  have  much  to teach

them.

What  prior  knowledge  do  you  anticipate  that  the  students  bring  ( or  should

bring)  to this  lesson?

Students  will  bring  to the lesson  the  content  and  skills  developed  in previous

explorations,  including:

Fractions  are  connected  to division

Fractions  can be renamed  without  changing  the  amount-the  concept  of

equivalence

a The  abilityto  approach  problems  with  a number  of  strategies,  including  drawing

pictures,  making  tables,  verbal  descriptions,  etc.

a The  understanding  thatthere  is often  more  than  one  wayto  solve  a problem

What  materials  and  tools  are  needed  for  this  lesson?

33 Gatorade  bottles  (no problem  since  I drink  a lot  of  Gatorade)

Chart  paper

Markers

How  will  the  lesson  unfold?

This  lesson  will  occur  over  three  sessions:

a The  first  session  is the set  up and  exploration  ofthe  problem's  parameters.

Groups  are  set  up, group  norms  are  established  and  modeled,  the  problem  is

presented,  and  children  have  a chance  to mentallychew  on the  problem  with

their  partners  (groups  ofthree).  I chose  a group  ofthree  because  the  group  is



LESSON  PLAN:  THE  DRINKS  PROBLEM  (Ill)

small  enough  thateach  child  has  to be an active  participator,  and  big enough  that

each  child  can  occasionallysit  back  and  observe  the  interaction  between  the

othertwo  children.  The  children  will  be grouped  heterogeneously.  Atthe  end  of

the  first  session,  the  first  Math  Congress  is held,  primarilyto  discuss  methods

andapproaches.  ltiscrucialthatthefirstMathCongressisheldbeforeany

group  is able  to come  to a correct  answer.  This  will  allow  children  to hear  others'

approaches  before  seeing  a final  answer  (which  may  shut  down  their  own

thinking  processes).

oThesecondsessionisthemeatoftheexploration.  Childrenaregivenalarge

block  oftime  to conferwith  teammates,  use  models  and  manipulatives  if  needed,

and  begin  to create  their  solutions  to the  problems.  A  Math  Congress  will  be held

mid-waythrough  the  second  session.  This  Congress  is NOTaboutsolutions,

butabouthowbesttoexpresssolutions.  \/Vhatisthebestwaytoshowyour

thinking?  Inthesecondhalfofthesession,(aftertheCongress),thestudents

work  to create  their  poster-their  defense  of  their  solution.

a The  third  session  is about  sharing  solutions  and  methods-sharing  their

posters.  Each  team  will  have  a chance  to share  outwith  the  whole  group.  An

evaluation  will  occur  affer  each  share-out-what  did  you  find  interesting  or  clever

aboutthisgroup'smethod?  V\/hatdidyoufinddifficulttounderstand?  Howcould

theypresenttheirthinkingbetter?  ltisimportantfortheteachergivesome

guidance  to the  discussion,  so  thatthe  big  ideas  (mentioned  above  and  below)

are  emphasized.

What  are  some  questions  you  could  ask  during  the  launch,  exploration  or

sharing  time?

The  questions  serve  different  purposes  at  different  times.  The  questions  at

launch  serve  to activate  prior  knowledge,  as well  as highlightthe  importance  of

using  the  same  "base"  amountto  compare.  The  questions  during  exploration

serve  to push  thinking  beyond  one  solution  method  and  get  struggling  groups

overthe  hump.  The  questions  atsharing  time  serve  to consolidate  learning  and

help  children  connect  to the  underlying  big  ideas.



LESSON  PLAN:  THE  DRINKS  PROBLEM  (IV)

LAUNCH:

- The deli has Gatorade  for $14. The supermarket  has Gatorade  for $16. The

deli  is definitelycheaper,  right?

a The  supermarket  has  I 8-packs  of  Gatorades,  and  the  deli  has  only  4 5 packs.

They  cost  about  the  same,  so  the  supermarket  has  the  better  deal,  right?

How  can  we  compare  the  prices  fairly?  (This  is a thinking  question  that  is not

discussed,  but  presented  right  at launch  to spur  thinking).

EXPLORATION:

a Are  there  other  ways  of  proving  this?  (for  earlyfinishers  stuck  on only  one

solution  method)

a\/\/hatifyouwantedtobuyjustoneGatorade?  Saytheownerwouldsellittoyou

forthesamepriceasthe18-packsor15-packs.  Howmuchwouldtheowners

chargeyouatthesupermarket?  Atthedeli?(forthosewhoarestuck)

SHARING:

a There  were  lots  of  different  ways  to solve  this  problem,  but  what  did  each  group

have  in common?  (pushing  the  group  toward  the  big idea  that  a "base"  amount  is

needed  to compare  fractions)-this  question  is CRUCIAL

a \/Vhich  wayis  the  best  way  and  why?  (Awink  wink  question-one  with  no one

absolute  right  answer)

What  do  you  expect  student  work  to  look  like  and  sound  like?

lexpectstudentworktoneatlyandconciselyexpresstheirsolutionmethod.  Iwill

focus  solution  explanations  on agreeing  on the  "base"  amount.  Children's

thinking,  however,is  messierthan  this,  and  so  the  posters  will  require  planning

and  drafts.  Am  ple  time  will  be allotted  for  this  process-the  neat  articulation  of

offlen  "messy"  thinking.

I also  expectstudents  to debate  the  merits  ofthe  case  using  mathematical

arguments  developed  in previous  explorations.



LESSON  PLAN:  THE  DRINKS  PROBLEM  (V)

What  confusions  might  students  have?

One  key  confusion  could  be that  some  children  will  divide  the  inverse  way  -

instead  of $14 divided  by 15 Gatorades,  theywill  do 15 Gatorades  divided  by $14,

yielding  an answer  that  has  units  of  Gatorades  per  dollarinstead  of  dollars  per

Gatorade.

Anotherconfusion  is thatsome  groups  mayhave  difficultyapproaching  the

problem  at all. Then,  the  second  question  under  the  exploration  section  above

could  prove  useful.

How  do  you  anticipate  you  will  be ready  to  help  children  work  through  their

confusions?

See  modifications  below.  Also,  for  the  inverse  division  confusion,  push  students

to define  the  units  their  fraction  will  be in (Gatorades  per  dollar  or dollars  per

Gatorade?)

What  extensions  (for  more  able  students  ) and  modifications  ( for  differently

able  students)  will  you  be ready  with?

EXTENSION:

*\/Vhatiftheownerofeachdecidedtogiveyouavolumediscount?  Atthe

supermarket,  theygive  you a 10%  discount.  Atthe  deli,  theygive  you  a 20%

discount.  Now  who  has  the better  deal?  Explain  and  show  your  thinking!

a\/S/hatifyouwantedexactlythirtyGatorades?  Wouldyoustillbuythemfromthe

supermarket?  Explainandshowyourthinking!

MODIFICATION:

* Additional  question-how  m uch  would  one  Gatorade  cost  at  each  store?

Forthose  who  reallystruggle-change  the  amounts  so  thatthe  numbers  are

easiertoworkwith.  Forexample:

-Supermarket:  lOfor$l5

Deli:5  for  $8



LESSON  PLAN:  THE  DRINKS  PROBLEM  (Vl)

What  are  the  two  or  three  big  ideas  for  the  sharing  time?

The  one  big idea  is: how  can  we  make  a fair  comparison?  How  can  we  compare

the  prices  at  these  two  stores  in a waythat  shows  that  one  store  is cheaper

unambiguously?  This  is where  the  different  strategies  in comparison  come  in.

Some  children  will  have  compared  the  prices  of  a single  Gatorade,  while  others

will  have  chosen  different  "base"  amounts.  This  discussion  can  then  lead  to the

traditional  algorithm  ofcreating  fractions  with  common  denominators  to compare

them.  But  here,  students  will  understand  the  WHY  behind  the  algorithm-the

relational  understanding  forwhich  we  strive.

The  other  big idea  is that  fractions  are  connected  to division.  This  will  come  into

playin  the  next  problem-the  sandwich  problem-in  this  way,  creating  an

educative  experience  thatlives  on in future  experiences.

How  will  students  thinking  be made  public?

Students  will  work  in their  small  groups  to create  a poster  of  their  solution

method.  The  guidance  given  to them  will  be  this  if a stranger  walked  in and

read  our  problem,  and  then  read  your  solution,  theyshould  be exactlyclear  on

how  you solved  the  problem.



MATERIALS  AND  RESOURCES  ENTIRE  UNIT

MANIPULATIVES

Fraction  towers

Fraction  strips

Fraction  circles

a Two-sided  colored  counters

FRACTION  MODEL  MATERIALS

Percent  grids  (10  x 10)

Decimal  grids  (tenths,  hundredths,  thousandths)

GENERAL  SUPPLIES

o Scissors

a Tape

a Overhead  projector

a Calculators

Index  cards

a Chart  paper

a Colored  pencils  and  crayons

RESOURCES  - SAMPLES  ONLY  - INCOMPLETE  LIST

See  attached  sheets:

a Grid  patterns

I Oxl  O grids

a Clock  face  fractions

Decimal  grids



MATERIALS  AND  RESOURCES  ENTIRE  UNIT

MANIPULATIVES

- Fraction  towers

a Fraction  strips

a Fraction  circles

a Two-sided  colored  counters

FRACTION  MODEL  MATERIALS

a Percent  grids  (10  x 10)

a Decimal  grids  (tenths,  hundredths,  thousandths)

GENERAL  SUPPLIES

a Scissors

a Tape

a Overhead  projector

a Calculators

a Index  cards

a Chart  paper

a Colored  pencils  and  crayons
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CONCLUSION

This  curriculum  is not  rocket  science.  It is not  a revolutionary  new  way  to explore

fractions,  decimals,  and  percents.  In fact,  much  of  it is built  upon  existing

curricula.  However,itdoesfeatureseveralakeyfactorsthatallowforgreater

creation  of  relational  as well  as ins;trumental  understanding.  First,  every

experience  is notan  end  in itself-everyexperience  is discussed,  reflected  upon,

and  relived  in future  experiences,  with  greater  understanding  coming  everystep

of  the  way.  Second,  the  curriculum  balances  both  relational  understanding  and

instrumental  understanding-its  goal  is thatbyunit's  end,  each  studentwill  be

able  to effectivelyand  efficientlysol.ve  problems  (instrumental),  and  also  be able

to explain  whytheir  reasoning  works  (relational).  Third,  kids  talk  about  math.  A

lot. Alarge  portion  ofeverylesson  is the  math  congress,  where  ideas  are

discussed,  debated,  defended,  critiqued.  Fourth,  the  mathematics  is grounded

in real-world  problem-solving  contexts.  The  final  exploration  brings  together  all of

the  skills,  knowledge,  and  problem-solvinga  abilities  and  challenges  students  to

applythem  in solving  AND  explainiang theirsolutions  to complexproblems.

It is my  hope  thatl  have  taken  the  thinking  and  work  of  many  others  and  made  it

myown.  Inthisway,lhopetohelpuncovei'thecomplexandwonderfulworldof

fractions,  decimals,  and percents  with mystudents.
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